Abstract. Competition between seeds within a fruit for parental resources is described using one-locus-two-allele models. While a "normal" allele leads to an equitable distribution of resources between seeds (a situation which also corresponds to the parental optimum), the "selfish" allele is assumed to cause the seed carrying it to usurp a higher proportion of the resources. The outcome of competition between "selfish" alleles is also assumed to lead to an asymmetric distribution of resources, the "winner" being chosen randoinly. Conditions for the spread of an initially rare selfish allele and the optimal resource allocation corresponding to the evolutionarily stable strategy, derived for species with n-seeded fruits, are in accordance with expectations based on Hamilton's inclusive fitness criteria. Competition between seeds is seen to be most intense when there are only two seeds, and decreases with increasing number of seeds, suggesting that two-seeded fruits would be rarer than one-seeded or many-seeded ones. Available data from a large number of plant species are consistent with this prediction of the model. 9
Introduction
Like many of Haldane's other contributions to population genetics, his model of family level selection (Haldane 1924 ) also has a much broader range of applications. By comparing the rate of increase of the frequency of the allele favoured by natural selection when competition between individuals was population-wide to the rate when competition was restricted to members of the same family, Haldane demonstrated that the process of family level selection was relatively slower, almost by a factor of two (Haldane 1924; Sutter 1968) . However, the formalism developed by him is ideally suited for modelling evolutionary processes that in fact operate at the level of the family, e.g. parent-offspring interactions and sibling rivalry. In this paper, the evolution of sibling rivalry in plants is investigated using methods similar to Haldane's family-level (familial) selection models.
In many bird species, there is an intense and often violent competition between chicks in the same clutch for the food brought by the parents. Indeed, earlier models that described sibling rivalry were inspired by bird species (O'Connor 1978; Stinson 1979) , though more general models had also been formulated (Macnair and Parker 1979) . It was quickly realized, however, that competition among seeds in a fi'uit is an equally valid example ofintrabrood conflict, is equally intense, and can be described by similar models (Nakamura 1980; Kress 1981) . Inclusive fitness models (Westoby * Based on a talk given at the Haldane Centenary Symposium held on 6 November 1992 at Ahmedabad as part of the 58th Ammal Meeting of the indian Academy of Sciences.
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N. V. Joshi and Rice 1982; Queller 1983) as well as genetic models (Law and Cannings 1984) have been used to examine the various details of this phenomenon. Urea , in addition to presenting a broad review of brood size patterns in plants, have developed models describing parent-offspring as well as offspring-offspring conflict. Lovett Doust and Lovett Doust (1988) view these processes from an even broader view, that of plant reproductive strategies.
While the present investigation draws on the earlier studies, it differs from them in simultaneously considering (a) an explicit population genetic model for n-seeded fruits, using the fitness function commonly used for plant systems; (b) an asymmetric outcome of competition between identical genotypes; (c) separate and explicit conditions for the spread of the selfish allele and for the evolutionarily stable strategy (ESS); and (d) the relative rarity of two-ovuled plant species, and offering a possible explanation for it.
The model
An infinite, panmictic population of a purely cross-pollinating species with nonoverlapping generations is considered, with selection operating on two alleles--the recessive normal (N) and the dominant selfish (S). The situation where there are two seeds per fruit is described in detail here, while generalization to n-seeded fruits is developed in the appendix.
Competition between seeds
Since there are two seeds per fruit, and there are two phenotypes of seeds (normal and selfish), there will be three types of fruits:
(i) In a fruit with both seeds of the normal type, resource is assumed to be shared equally, and the fitness of each seed is assumed to be unity.
(ii) In a fruit with one selfish seed and one normal seed, the selfish one acquires a higher share of resources fi'om the maternal parent, and thereby acquires a fitness of 1 + b (where b, the benefit, > 0). The normal seed, which consequently gets a reduced level of resource, obtains a fitness of 1 -c (where c, the cost, > 0). (iii) In a fruit where both the seeds are selfish, either of them is likely (with equal probability) to acquire a larger share of resource. This could be, for example, because one of the ovules is fertilized earlier than the other, or is closer to the resources (see Lee (1988) for a review). Each one thus obtains fitness 1 + b or 1 -c with a probability of half.
Spread of the selfish allele S
Let y (--0) be the frequency of NS heterozygotes (and 1 -y, the frequency of NN homozygotes). This implies the frequency of pollen of haplotype S to be y/2.
The NS heterozygote maternal parents would develop three types of two-ovuled flowers, (N, N), (N, S) and (S, S) (where N and S denote the haploid state of the egg within the ovule) in the proportion 0.25:0.5:0.25. The frequency of flowers containing an S-type ovule, and the frequency of the S-type pollen, are both very small (of order y); and in the first-order approximation, terms of order ya can be neglected. This means that flowers containing S-type ovules (one or two) will be fertilized only by N-type pollens, while the (N, N) flowers will be fertilized by at most one S-type pollen, the other one always being type N. In other words, frequencies of (NS, NS), (NS, SS) and (SS, SS) fruits obtained by pollination by two S-type pollens will be vanishingly small and hence can be neglected in the first-order approximation.
Thus, the frequency of (NN, NS) fruits where b and c denote benefit to the usurper and cost to the other seed, as described earlier.
Evolutionarily stable strategy
Consider now competition between two selfish alleles, the recessive S which leads to benefit b and cost c and the dominant S' which leads to benefit b' and cost c'. Clearly, the fitness of an SS seed from an (SS, SS) fruit would be 1 + (b -c)/2 as described earlier, while that of an SS' seed fi'om an (SS', SS') fruit would be 1 + (b' -c')/2. For an (SS, SS') fruit, the probability of SS' being the winner is 0"5, which gives it a fitness of 1 + b'. On the other hand, the probability of SS being the winner is also 0.5, whence the loser SS' obtains a fitness of 1 -c. The fitness of the SS' seed in an (SS, SS') fruit is thus 1 + (b' -c)/2.
As before, assuming z to be the frequency of SS' heterozygotes, 1 -z the frequency of SS homozygotes, and z/2 the frequency of S' pollen, the average fitness of SS' is given by
On the other hand, fitness of SS is 2-t-b-c. For S' to be able to invade the S In other words, a strategy corresponding to the resource allocation that maximizes b -c/4 will be able to invade any other strategy corresponding to a different allocation and in turn will be uninvadable by any other strategy. Thus the allocation which maximizes b -c/4 is the evolutionarily stable strategy (ESS).
The pollen that fertilize the two ovules in the flowers are assumed to come from different plants. The two seeds in the fruit are, therefore, half-sibs (same mother, different father), and the coefficient of relatedness between the two seeds is therefore 0.25. The quantity b-c/4 thus turns out to be the change in the inclusive fitness of the dominant seed. The ESS is thus the one that maximizes the change in the inclusive fitness, which in the present situation is the same as maximizing inclusive fitness itself.
Resource-fitness relationship
For a seed to be viable, a minimum threshold level of resource must be invested in it. Thereafter, the increase in fitness (or survival) of the seed with increasing investment of resource obeys the law of diminishing marginal returns. The functional form fitness oz (R -emin) x, where 0<x<l, is normally used to desdribe such a relationship in plants (Smith and Fretwell 1974) . In this expression, the power x indicates the efficiency of the seed in converting resources into fitness; thus a higher value of x corresponds to a higher level of efficiency. Without loss of generality, emi n can be assumed to be unity. The optimal parental investment per seed can then be shown to be equal to 1/(1-x) (see, for example, Ganeshaiah et al. 1991) . In the present model, it is assumed that the parental allocation of resources to a fruit is in accordance with the optimal investment per seed. Thus, a two-seeded fruit obtains an investment of 2/(1 -x). This is turn in split between the two seeds according to their competitive ability. It is further assumed that the value of x is the same for all the genotypes, i.e. the efficiency of the selfish seed in converting the higher share of resources obtained by it into fitness is assumed to be the same as that of a normal seed.
When ttie investments are equal, each seed obtains a fitness
X Let f be tile fraction of the total resource obtained by the selfish phenotype (f> 1/2). Its fitness is then given by
The remaining resource is invested in the other seed, and its fitness is given by
Since the fitness of the selfish seed is 1 + b and that of the seed with lower resource is 1 -c, relative to the fitness of the normal seed in a (NN, NN) fruit, the expressions for benefit and cost turn out to be
It should be borne in mind that, should the level of investment in a seed fall below unity, it does not survive, and the cost becomes equal to 1, regardless Of the actual level of investment.
Using equations (1), (2) and (3), for a given value of x it is possible to compute the values of b and e for any level of usurpation f shown by the selfish allele. Since f can vary between 1/2 (equal investment) and 1 (all the resource garnered by the selfish allele), it is possible to obtain the range of f values (for a given value of x) where b > c/7, i.e. where the selfish allele can invade the population of normal allele.
Similarly, it is possible to obtain the ESS in terms of if, for a given value of x. It is seen that maximization of b -c/4 is equivalent to F' the maximization of ---1 -(1 -F"/F)/4, F i.e. maximization of (F' + F"/4)/F, i.e. maximization of 4F' + F" with respect to f. It is seen that the value of f corresponding to this optimum, f, is given by
Let I" be the value of b -e/4 obtained corresponding to f. When all the resource is garnered by the selfish seed, i.e. when f = 1, then c = 1, and let I* be the corresponding value of b -c/4. Using this notation, if I* > I, then f = 1 will be the ESS.
Results and discussion

Spread of the selfish allele
The population genetic model described above for two-seeded fruits indicates that a selfish allele would spread in the population if b > c/7. Since the coefficient of relatedness between two seeds is 0.25 (section 2.3), it might seem that inequality would suggest the condition to be'b > c/4. However, the outcomes of competition between related and unrelated seeds are different; a selfish seed is assumed to always outcompete a normal (not carrying the S allele, hence unrelated) seed, thereby obtaining a fitness b. It is only when the competiton is between two selfish (carrying S, hence related) seeds that a non-zero cost is encountered. When the probabilities of occurrence of these two situations are taken into account (as in the derivation), the condition b > c/7 is obtained. The tolerance of the higher cost is thus due to a higher probability of benefit being accrued from competition against a normal (hence unrelated) seed. As seen fi'om the appendix (A1), the condition for the spread of the selfish allele in species containing n seeds per fi'uit is given by b> L(n+~i_ .
Thus, for example, for three-seeded and four-seeded fruits, the conditions for the spread of the selfish allele are b > 5c/19 and b > 17c/47 respectively. The spread of selfishness thus seems to become less likely as the brood size increases (figure 1), as expected.
The conditions obtained above can be used to investigate the evolution of brood reduction. If the entire resource is acquired by the dominant seed (or if the quantity of resource available for the other seeds is less than one unit per seed), only the dominant seed survives, and the others are aborted. When one examines the dynamics of the spread of such an excessively selfish allele (the brood reducer, i.e. the one which usurps the entire resource) for different values of x, the exponent of the fitness function, it is seen that for values of x < 0.041, b cannot be more than c/7. This is intuitively reasonable, as low values of x correspond to low efficiency of conversion of resources into fitness. For lower values of x, the increase in fitness obtained by acquiring additional resource is not commensurate with the loss in fitness due to the loss of siblings.
The critical values of x (i.e. those values below which the brood reducer allele cannot successfully invade a population of normal alleles) for three-seeded and four-seeded species (obtained using the methods described in section 2.4) are 0.068 and 0.086 respectively, and increase with n, the number of seeds in a fruit (figure 2), for low values of n, further highlighting the constraints imposed on the extent of sibling rivalry by higher seed numbers. For higher values ofn (beginning with n = 15), the critical value ofx starts decreasing with increasing n (figure 2), though rather slowly. The reason for this ties in the functional dependence of b, c, and the threshold of b/c necessary for the spread of the selfish allele on n, the number of seeds in a fruit. The benefit b increases slowly, but steadily, with n. The cost c is always equal to unity, since seeds other than the dominant one do not survive. The threshold increases rapidly with n initially, but is constrained to reach a value of unity asymptotically. As a result, for low values of n, the rate of increase of the realized value of b/c is lower compared to the rate of increase of the threshold with increasing n. Consequently, higher values of x are needed for brood reduction to evolve as n increases in the initial stages (n = 2 to 14). Beyond this range, however, while the benefit continues to increase, the increase in the threshold is negligible. Hence, smaller values of x are adequate to enable b/c to exceed the threshold. The critical value of x necessary for the brood reducing allele to spread thus starts decreasing with increasing n. However, one of the assumptions of the model, viz. that the rest of n -1 seeds (i.e. those other than the dominant one) obtain an identical share of the remaining resource, would be quite unrealistic in such a situation. The consequences of using different, more appropriate forms of resource allocation are being investigated.
Evolutionarily stable strategy
For two-seeded species, the optimal fraction f of the resource, acquired by the seed with the selfish phenotype (i.e. the value which makes the corresponding allele uninvadable), is equal to 0.5 for x ~-0 and increases with x, reaching f= 1 as x reaches unity. However, this optimum (in the sense of maximization of b -c/4) is only a local one. For x > 0.1017, it turns out that f= 1 is the ESS. Figure 6 . The threshold value ofx beyond which brood reduction is the ESS is shown as a function of n, the number of seeds in a fruit.
For a fruit with n seeds, the uninvadable strategy (ESS) corresponds to the resource allocation which maximizes b -(n -1)c/4. The optimal allocation in the selfish seed in this situation is seen to be (see appendix, A3) J~'= 1 (n-1)x(l -41/<x-1)) n n(1 + (n -1)4 l/(x-1))"
The variation of fwith x for different wtlues of 17 is shown in figure 5 for n = 2, 3 and 4. The optimal fraction acquired by the dominant seed for a given value of x is seen to decrease as the number of seeds in a fruit increases, suggesting that the intensity of the contlict among seeds decreases as the number of seeds in a fruit increases.
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The minimum value of x necessary for brood reduction to be the ESS is shown in figure 6 as a function of n, the number of seeds in a fruit. The threshold corresponding to a two-seed situation is the lowest, and increases with increasing n. This further emphasizes the decrease in the intensity of the seed-seed conflict with increasing number of seeds in a fruit.
Predictions of" the model and supportive data
The above analysis indicates that sibling rivalry would lead to brood reduction in two-seeded fruits for a broad range of values of x, the exponent in the fitness function (i.e. the efficiency of conversion of resources into fitness). On the one hand, there can be no sibling rivalry in one-seeded fi'uits. On the other hand, the intensity of sibling rivalry is seen to decrease with an increase in the brood size. In fact, since the inclusive fitness for a selfish allele in an n-seeded fruit is b-(n-1)c/4, the weightage given to the cost increases rapidly with n, thereby decreasing the propensity for brood reduction. Taken together, these results indicate that sibling rivalry would be most intense in two-seeded fruits. Since under such a scenario, loss of one seed is virtually certain, it would not be in the interest of the parent to produce two-ovuled flowers; either only one or very many would be favourable. The model thus predicts that species with two-ovuled flowers would be rather rare.
An examination of the frequency distribution of ovules per flower and seeds per fruit (table 1; Hegde, Uma Shaanker and Ganeshaiah, personal communication) in over 800 species does reveal the predicted pattern. The frequency of two-ovuled flowers (and two-seeded fruits) is indeed lower than that of one-ovuled or many-ovuled flowers (and one-seeded or many-seeded fruits). Given the complexity of myriad factors that affect ovule and seed number (dispersal mode, habit, packing cost, parent-offspring conflict, etc. : Wiens 1984; Nakamura 1986; Wiens et al. 1987; Ganeshaiah and Uma Shaanker 1988; Uma Shaanker and Ganeshaiah 1988; Uma Shaanker et al. 1990) , and the severe simplifying assumption made in the model, the agreement .with the data cannot be said to really validate the model, though it is gratifyingly supportive of it.
Concluding remarks
One of the consequences of brood reduction is the loss of fitness for the parent. The parent-offspring conflict in such a situation is not over the total quantum of investment (since it is assumed to be constant) but over its differential allocation between sibs. A possible counter-strategy of the parent against brood reduction is polyembryony (Ganeshaiah et al. 1991) , whereby the parent produces an extra asexual embryo within the seed. While Ganeshaiah et al. (1991) provided arguments as well as some data in support of this assertion, an explicit population genetic model to demonstrate the same was lacking. These investigations are in progress.
The interplay between parent-offspring conflict and sibling rivalry within a fruit is particularly intricate because of the complex genetic structure (Law and Cannings 1984) of the tissues involved, as perceptively pointed out by Haig and Westoby (1988) . The situation could become more interesting if the phenomenon of genomic imprinting (Haig and Westoby 1991) also has a role to play in this conflict. Rather careful genetic modelling may be needed to unravel the relative importance of these possible factors.
Remarkably, however, despite the numerous simplifications, the family level selection models pioneered by Haldane continue to be useful in providing insights into the evolutionary forces governirig the patterns of brood size in plants.
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Mathematical appendix
Using the same approach as described in section 2, the conditions on the relative values of benefit and cost for the spread of a selfish allele, for the ESS, and for the threshold for brood reduction are derived here for the general case of n seeds per fruit. As before, it is assumed that in a fruit containing one or more selfish seeds, one of the selfish seeds will acquire a bigger share, and will have a fitness of 1 + b, while each of the rest of n-1 seeds have an equal share of the remaining resource, and each a fitness 1-c. Alternative ways of sharing resource may easily b e imagined; these would form the subject of a separate investigation.
A1. Spread of the selfish allele
Let y (-~ 0) be the frequency of the NS heterozygote, which implies the frequency of pollen to be y/2. As before, analysis is carried out to first order only.
Contributions to the frequency of S in the next generation via pollen will be through the fertilization of (N, N ..... N) flowers by a single S pollen (and n -1 pollen of type N). The frequency of such flowers will be (y/2) n (1 -y) = ny/2,
and the fitness of the single NS seed is 1 + b. The contributions via ovules will be through the n kinds of flowers, containing 1, 2 ..... n ovules of haplotype S. Since all these will be fertilized by N-type pollen, there would be n kinds of fruits, containing 1, 2 ..... n seeds with genotype NS. The frequency p(k) of fruits with k seeds with genotype NS is given, from binomial distribution, by )(1)
The fitness of an NS seed in such a fruit is given by
Hence the frequency of the NS genotype in the next generation is given by
The first summation equals 2"-1, while the Second equals n(2"-1). Substituting and simplifying, and thus y' will be greater than y if
(1) c,,
Further simplification shows the condition for the spread of the selfish allele to be \//2"-1(n-2) + ~)(n~ 2) --~ c .
A2. Evolutionarily stable strategy
As in section 2, let z (-~ O) be the frequency of SS' genotypes, which implies the f'equency of S' pollen to be z/2.
Arguing along the lines similar to the ones in section A1, the contributions to the next generation of S' via pollen will come from fruits with one SS' seed (and n-1 seeds of SS genotype), whose fitness would be 1 + b'/n -c(1 -l/n). This is because, the probability that the SS' seed will be the "winner" is l/n, and the corresponding fitness is 1 + b'. The probability that the winner is SS is (n -1)/n, and the fitness to SS' in such a situation is 1 -c.
For the contribution to the next generation via ovules, the frequency of flowers containing k pollens of type S' is given by equation (ii) (except for z in place of y). However, the fitness of an SS' seed from such a fruit is f(k) = 1 +b '-c'(k-l~-c(n-k~. Thus, the strategy which maximizes b-(n-1)c/4 would be able to invade any other strategy, and will be uninvadable by any other strategy, and hence will be the ESS.
A3. Threshold for brood reduction
The net resource invested by the parent in the fruit with n seeds is (section 2.4) equal to n/(1 -x). If the dominant seed usurps a fraction f > l/n, its fitness is These can be used to derive j~the optimal allocation, in the same manner as in section 2.4, the expression for f being f__ 1 -t (n -1)x(1 -4 x/(x-") n n(1 + (n -1)41/('-1))'
Let b and c be the corresponding benefits and costs. As long as f < (n -1)/n, each of the seeds other than the dominant obtains at least one unit of resource, and is thus viable. For f > (n-1)In, only one seed survives, and brood reduction takes place.
When the entire resource is usurped by the dominant seed (f = 1), its fitness is F*=(l_xn 1) x.
Let b* be the benefit, while the cost c is unity. If b* -(n -1)/4 is greater than b -(n -1)c/4, then f= 1 is the ESS, and brood reduction takes place; only the dominant seed survives and the rest are aborted.
These criteria may be used to obtain the threshold value of x for brood reduction to occur in n-seeded fruits.
